The structure of a previously developed representation of the Leech lattice, Λ24, is exposed to further light with this unified and very simple construction.
Introduction.
In [1] I presented a representation of Λ 24 (see [2] ) over O 3 (octonionic 3-space). The octonion multiplication I am accustomed to using (see [3] [4] [5] [6] [7] ) is one of four for which index cycling and doubling are automorphisms; and the representation of Λ 24 developed in [1] is invariant under both kinds of maps.
The purpose of the present paper is to give this representation an elegant characterization that highlights the invariances and the relationship to the octonion algebra.
As usual, I'm going to ask the interested reader to look at [4] [5] [6] [7] for background material on the relationship of the octonions to E 8 and Λ 16 . The notation I employ here, and in those previous papers, is the same I employed in [3] .
Foundation.
Let X be an arbitrary octonion of unit norm. Let A, B ∈ O. Then in general,
This defines the octonion X-product [3, 4, 8] .
The octonion multiplication I employ is characterized by the following rule cyclic in the indices:
e a e a+1 = e a+5 , a = 1, ..., 7
(indices in (2) taken from 1 to 7, modulo 7) (see [3, 4] . The index doubling invariance of the resulting multiplication leads to the following equivalent rules:
e a e a+2 = e a+3 , and e a e a+4 = e a+6 .
Define:
e a (e b (e c e d )) = ±1},
Let X ∈ Ξ m , for some m = 0, 1, 2, 3. Given the multiplication (2), for all a, b ∈ {0, ..., 7}, there is some c ∈ {0, ..., 7} such that
(see [4] ). Therefore, by (1),
By induction this implies that for all a, b, ..., c ∈ {0, ..., 7}, there exists some d ∈ {0, ..., 7}, such that if X ∈ Ξ m , for some m = 0, 1, 2, 3, then
Define
These are the inner shells (normalized to unity) of E 8 lattices [5] .
3. Λ 24 .
Let P ∈ E even 8
, and define ℓ 0 = 1 2 (1 + e 1 + e 2 + e 3 + e 4 + e 5 + e 6 + e 7 ).
Define the subset of O 3 ,
∪ {all permutations of such elements},
where the two ±'s are independent. Let Q = ±e a P ∈ E even 8 =⇒ P = ∓e a Q.
Also, by (5) there exists some index d ∈ {0, ..., 7} such that
Therefore permuting the first two terms of the octonion triple in (8) The term (e a ℓ 0 e a )(e b P ) can be written in other ways. Using (5) and the Moufang identities it is not hard to prove that there are indices c, d ∈ {0, ..., 7} such that (e a ℓ 0 e a )(e b P ) = ±e a (ℓ 0 (e c P ))
Therefore the triple in (8) may be written
Note that the element P is not completely factored out, since it is part of the • P product in the third component.
Finally define
of order 3 × 240; and In fact, it is easy to see that any element of O of the form u + v(e 1 + e 2 + e 3 + e 4 + e 5 + e 6 + e 7 ), u, v real, will be index doubling and cycling invariant given that the underlying O multiplication is index doubling and cycling invariant.
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